In this paper, we introduce and study frame of operators in quaternionic Hilbert spaces as a generalization of g− frames which in turn generalized various notions like Pseduo frames, bounded quasi-projectors and frame of subspaces (fusion frames) in separable quaternionic Hilbert spaces.
x, x n x * n , for all x ∈ X .
The sequence {x * n } n∈N is called a dual pseudo frame to {x n } n∈N for the subspace X . • Bounded quasi-projectors by Fornasier [13] Definition 3. Let H be a Hilbert space and W 0 be a closed subspace of H . Let (W 0 , {D j : H → H} j∈N ) be a decomposition of H . Then a system of bounded quasi-projectors or a Bessel resolution of the identity is a set P = {P j } j∈N of operators such that (I) for each j ∈ N, P j : H → W j (= D j (W 0 )), (II) j∈N P j = I H , in the strong operator topology and (III) there exists positive constant B such that j∈N P j (x) 2 ≤ B x 2 , for all x ∈ H.
The system is called self-adjoint and compatible with the canonical projections if (I) P j = P * j , for all j ∈ N. (II) P j • π W j = P j , for all j ∈ N.
• G−frames by Sun [20] Definition 4. Let H be a Hilbert space. A sequence {Λ j ∈ L(H, V j ) : j ∈ N} is said to be a generalized frame, or simply a g -frame for H with respect {V j : j ∈ N} if there exist positive constants A and B such that
where {V j : j ∈ N} is a sequence of subspaces of H .
Sun also proved that frames of subspaces (fusion frames), pseudo frames, bounded quasiprojectors and oblique frames are special cases of g−frames. Fusion frames and g−frames are also studied in [1, 3, 16, 20] .
Throughout this paper, we will denote Q to be a non-commutative field of quaternions, N be the set of natural numbers, H R (Q) be a separable right quaternionic Hilbert space, {H R i (Q)} i∈N be the sequence of separable right quaternionic Hilbert spaces, by the term "right linear operator", we mean a "right Q-linear operator", B(H R (Q)) denotes the set of all bounded (right Q-linear) operators of H R (Q) and B(H R (Q), H R i (Q)) be the set of all bounded (right Q-linear) operators from H R (Q) to H R i (Q) The non-commutative field of quaternions Q is a four dimensional real algebra with unity. In Q, 0 denotes the null element and 1 denotes the identity with respect to multiplication. It also includes three so-called imaginary units, denoted by i, j, k . i.e., Q = {r 0 + r 1 i + r 2 j + r 3 k : r 0 , r 1 , r 2 , r 3 ∈ R} where i 2 = j 2 = k 2 = −1; ij = −ji = k; jk = −kj = i and ki = −ik = j . For each quaternion q = r 0 + r 1 i + r 2 j + r 3 k ∈ Q, define conjugate of q denoted by q as q = r 0 − r 1 i − r 2 j − r 3 k ∈ Q. If q = r 0 + r 1 i + r 2 j + r 3 k is a quaternion, then r 0 is called the real part of q and r 1 i + r 2 j + r 3 k is called the imaginary part of q . The modulus of a quaternion q = r 0 + r 1 i + r 2 j + r 3 k is defined as |q|= (qq) 1/2 = (qq) 1/2 = r 2 0 + r 2 1 + r 2 2 + r 2 3 . For more literature related to quaternionic Hilbert spaces one may refer to [2, 14] Frames in separable right quaternionic Hilbert spaces H R (Q) are defined as: 18] ). Let H R (Q) be a right quaternionic Hilbert space and {u i } i∈N be a sequence in H R (Q). Then {u i } i∈N is said to be a frame for V R (Q), if there exist two finite real constants with 0 < r 1 ≤ r 2 such that
The positive constants r 1 and r 2 , respectively, are called lower frame and upper frame bounds for the frame {u i } i∈N . The inequality (2) is called frame inequality for the frame {u i } i∈I . A sequence {u i } i∈N is called a Bessel sequence for the right quaternionic Hilbert space H R (Q) with bound r 2 , if {u i } i∈N satisfies the right hand side of the inequality (2) . A sequence {u i } i∈N is a tight frame for right quaternionic Hilbert space V R (Q) if there exist positive r 1 , r 2 satisfying inequality (2) with r 1 = r 2 , Parseval frame if it is tight with r 1 = r 2 = 1 and exact if it ceases to be a frame in case any one of its element is removed.
If {u i } i∈N is a frame for V R (Q). Then, the right linear operator T :
is called the (right) synthesis operator and the adjoint operator T * is called the (right) analysis operator is given by
Also, the (right) frame operator S : H R (Q) → H R (Q) for the frame {u i } i∈I is a right linear operator given by
Various Generalizations of Frames in Quaternionic Hilbert Spaces
In this section, we define various generalizations of frames in a right quaternionic Hilbert space. We begin with the notion of frame of subspaces in a right quaternionic Hilbert space: Definition 6. Let {W R i } i∈N be a sequence of right closed subspaces of a right separable quaternionic Hilbert space H R (Q) and {v i } i∈N be a family of weights, i.e., v i > 0, for all i ∈ N.
where each π W i is an orthogonal projection onto the subspace W i . The constants C and D , respectively, are called lower and upper frame bounds for the fusion frame.
In view of Definition (6) we have the following example: 
The sequence {x * n } n∈N is called a dual pseudo frame to {x n } n∈N for the subspace X R . In view of Definition (8) we have a following example:
The following definition is an extension of bounded quasi-projectors in right quaternionic Hilbert spaces.
Then a system of bounded quasi-projectors or a Bessel resolution of the identity is a set P = {P j } j∈N of operators satisfying (I) for each j ∈ N, P j :
, in the strong operator topology and (III) there exists a positive constant r 2 such that
The system {P j } j∈N is called self-adjoint and compatible with the canonical projections if (I) P j = P * j , for all j ∈ N.
In view of Definition (10) we have a following example:
Then the system of operators P = {P j } j∈N is a bounded quasi-projectors with r 2 = 1. Further, the system of operators P = {P j } j∈N is self-adjoint and compatible with the canonical projections.
Next, we define frame of operators in a right quaternionic Hilbert space as follows:
The positive constants r 1 and r 2 , respectively, are called lower and upper bounds for the frame of operators
Regarding the existence of frame of operators in a right quaternionic Hilbert space, we give the following examples: and {x n } n∈N be a pseudo frame for the subspace X R with respect to {x * n } n∈N . Then, there exist constants 0 < r 1 ≤ r 2 < ∞ such that
))} j∈N be a system of bounded quasi-projectors such that P j = P * j and P j • π W R j = P j for all j ∈ N. Then there exist constants 0 < r 1 ≤ r 2 < ∞ such that with respect to {v i } i∈N . Then there exist constants 0 < r 1 ≤ r 2 < ∞ such that
Let {H R i (Q)} i∈N be a sequence of right quaternionic Hilbert spaces. Define the space
Then H is a right quaternionic Hilbert space with the norm given by
Next, we give a characterization for a Bessel sequence of operators. 
Proof. Let x ∈ H R (Q). Then, for p, q ∈ N with p > q , we have
Conversely, for each x ∈ H R (Q), we have 
We call S to be the frame operator for the frame of operators 
So, we get
Thus, for each x, y ∈ H R (Q), we obtain
x i k e i k |y x .
Hence
x i k e i k |y , for all y ∈ H R (Q).
We call the sequence {x i k } i∈N as the sequence induced by the sequence of right bounded linear operators
In the next result, we show that if the sequence induced by {T i } i∈N is a frame for H R (Q), then {T i } i∈N is a frame of operators for H R (Q) and vice-versa. Proof. For each x ∈ H R (Q), we have
Further, for each x ∈ H R (Q), we compute
Hence, the operator S of the frame of operators {T i : H R (Q) → H R i (Q)} i∈N coincides with the frame operator of the frame induced by {T i } i∈N .
Next, we give some properties of the frame operator for frame of operators. Proof. In view of Theorem 16, S is bounded. For each x, y ∈ H R (Q), we have
Thus, the operator S is self-adjoint. Also
So, by inequality (3), we have
where, I is the identity operator. This gives r 1 I ≤ S ≤ r 2 I. Thus S is a positive operator. Further, since
Next, we show that if we have a frame of operators {T i : H R (Q) → H R i (Q)} i∈N with the frame operator S and bounds r 1 and r 2 , then one can construct another frame of operators with frame operator S −1 and with bounds r Proof. Since
For each x ∈ H R (Q), we obtain
Further, for each x ∈ H R (Q)
Hence {U i : H R (Q) → H R i (Q)} i∈N is a frame of operators with bounds 1/r 1 and 1/r 2 . Furthermore, let V denotes the operator for the frame of operators {U i } i∈N . Then, for each x ∈ H R (Q), we have
Hence V = S −1 .
In view of Theorem 19, every frame of operators
In such a case {T i } i∈N and {U i } i∈N are refer to as a pair of dual frame of operators.
In the next result, we give a relation between a pair of dual frame of operators and their induced sequences. Next by using frame of operators, we construct a Parseval frame of operators. Finally, in this section we prove that in order to construct a frame of operator for a right quaternionic Hilbert space, it is enough to construct it for a dense subset. 
.
T i (y) 2 > r 2 y 2 . This a contradiction. Also, note that
Since S is bounded and V is dense in H R (Q), we conclude that (4) holds for all x ∈ H R (Q).
Stability of frame of Operators
In this section, we prove two results related to the stability of frame of operators 
for all x ∈ H R (Q).
Then {R i } i∈N is a frame of operators for H R (Q) with respect to {H R i (Q)} i∈N with bounds r 1 1 − λ 1 + λ 2 + µ/ √ r 1
(1 + λ 2 ) 2 and r 2 1 +
Therefore, we obtain
This gives
On the similar lines, it is easy to verify that
Finally, we discuss stability of frame of operators in terms of their conjugate operators. 
Then Proof. Note that
e i k q i k , {q i k } ∈ ℓ 2 (Q) and i ∈ N where {e i k } k∈N is a Hilbert basis in H R i (Q). For each k ∈ N, let t i k = T * i (e i k ) and r i k = R * i (e i k ). Then, (5) is equivalent to
Hence the result holds in view of Theorem 17 and Theorem 22.
